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Abstract: In most cases, the sizes of the daughter cells of diatoms follow the MacDonald–
Pfitzer rule, whereby in many species all diatoms divide once in each generation. In contrast,
there are division schemes in which the smaller or larger daughter cell is delayed in its
division by one generation and therefore leads to Fibonacci growth. Several properties
of diatoms, especially in chain-like colonies, that exhibit such delayed division can be
modeled by Lindenmayer systems. These include, above all, the size and orientation
of the diatoms. Certain sequences of properties, such as the differences in size indices
of neighboring diatoms, are aperiodic and represent self-similar fractal structures. For
the division schemes studied, explicit solutions can be found for the number of diatoms
of a certain size in each generation. For the experimental differentiation of the division
schemes in a diatom chain, in addition to the observation of the division processes over
several generations, methods are available that only require the analysis of the structure of
a sufficiently large sample. This includes the investigation of the differences in the sizes of
neighboring diatoms, the orientations of the diatoms and the frequencies of size indices in
a culture. These methods provide a toolbox for investigating diatom properties, applicable
to the division models described. Additionally, a mathematical framework is presented
that has the potential to be transferable to other properties and other division schemes.

Keywords: diatom; MacDonald–Pfitzer rule; Lindenmayer system; Fibonacci growth;
delayed cell division; chain-forming diatoms; size sequence; fractal

1. Introduction

Diatoms are an ecologically important class of unicellular algae that can be found
in almost all aquatic systems and in terrestrial environments. Diatoms have a hydrated
silica exoskeleton consisting of two halves of slightly different sizes, the hypotheca and the
epitheca. The epitheca overlaps the hypotheca. Each theca consists of a valve, which varies
in shape depending on the species, and a number of associated silicate girdle bands. A
detailed description can be found in Round, Crawford and Mann [1].

Diatoms reproduce predominantly by vegetative division. As early as 1869, Macdon-
ald [2] and Pfitzer [3] recognized in the diatoms they studied that during such cell division,
the epitheca of the mother cell becomes the epitheca of the larger daughter cell and the
hypotheca of the mother cell becomes the epitheca of the smaller daughter cell. For each
theca of the mother cell, a slightly smaller theca is formed. This results in one cell the size of
the mother cell and one smaller cell. This rule has been confirmed in many species (e.g., [4]),
but exceptions are also known [5]. When a minimal size is reached, sexual reproduction
occurs, resulting in one or more large initial cells. There are also species that can restore
their size by vegetative enlargement (see [6] for a review).
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Macdonald and Pfitzer assume in their considerations that there is a uniform doubling
time. The larger and smaller daughter cells divide simultaneously and therefore the number
of diatoms in each generation doubles. Such a division behavior of a species, which follows
the McDonald–Pfitzer rule, is referred to here as the P-model.

In the following, the generation is numbered with the index n, whereby the develop-
ment should begin with a single diatom at n = 0. In the literature, there are also generation
counts starting with 1. In the context of cell size reduction for the morphological category
of pennates (bilaterally symmetrical), the size of a diatom is understood to be the apical
length. In the morphological category of centrics (radially symmetrical), the diameter of
the circumcircle can be used. This length is characterized by a size index k ∈ N0. The value
k = 0 corresponds to the cell of maximum size. The size index is incremented with every
size reduction step. Each division of a cell with size index k produces a cell of the same size
(size index k) and a cell of the next reduction level (k + 1). With continued divisions, the
smallest cell in the population under consideration reaches the maximum value kmax, at
which a cell enlargement becomes necessary. Using the notation Cp(n, k) for the number
of diatoms with the size index k in the n-th generation in the P-model it follows from the
Macdonald–Pfitzer rule for k > 0:

Cp(n + 1, k) = Cp(n, k) + Cp(n, k − 1). (1)

It is known from Pascal’s triangle that:

Cp(n, k) =

(

n

k

)

=
n!

k!(n − k)!
. (2)

Without taking mortality processes into account and for diatom sizes above the thresh-
old for the necessity of cell enlargement, the size classes are given by binomial coefficients.
An early study applying this result to diatoms can be found in Richter [7].

Otto Müller observed a delayed vegetative division in certain diatoms in the chain-
forming Ellerbeckia arenaria (Moore ex Ralfs) R.M.Crawford 1988 (basionym Melosira arenaria

D.Moore, see [8]). He names the epithecae with the letter f and the hypothecae with u, so
that a diatom in a chosen horizontal position is named by a pair fu or uf. In his publications
from 1863 [9] and 1864 [10], he distinguishes between valves with and without thickening
for the species under consideration (Figure 1a) and places a small circle under the letter
if the valve has no thickening and a line otherwise so that the combinations shown in
Figure 1b and their mirror images result. For details of the morphology, see [11].

 

Figure 1. Drawings from the fundamental work by Otto Müller [9]. (a) Valves with and without
thickening. (b) Rules for the shape of valves with respect to the presence of thickenings. The next
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generation is placed below the previous generation. (c) Applying the division rules to the diatom
below results in the generations above. Conversely, generation 2 can also be derived from generation

0. In this case, the diatom
u
◦

f
◦ takes on an interim state and divides one generation later.

Figure 2 shows an illustration of a chain from [10]. The girdle bands are marked by
red lines. Each is connected to the larger valve of the diatom and points to a neighboring
thickening.

Figure 2. Colony of Ellerbeckia arenaria according to Otto Müller [10]. The black horizontal lines
indicate the valve sizes.

If two diatoms in the chain have their larger valves next to each other, their girdle
bands will point away from each other. There are no girdle bands that cover the valves of
the two groups at their point of contact, which makes them visually separate. Otto Müller
was able to show that this divides a chain into groups of two diatoms (sets of twins) or three
diatoms (sets of triplets). In Figure 2, these groups are combined by horizontal brackets
placed above the chain.

In all cell divisions, Otto Müller observed the transitions shown in Figure 1b. The valves of
the parental cell keep their structure. For details, please refer to [9,10,12]. Regarding temporal
development, it is essential that there is a delayed division, which Müller shows exemplarily for
a chain of three diatoms (Figure 1c). According to the rule in Figure 1b, he deduces from this

sequence back to a single starting cell
f
◦

u
◦ , whereby the smaller daughter cell

u
◦

f
◦ , which

has inherited the hypotheca (
u
◦ becomes

f
◦ ) from the mother cell, skips a division. In the

next generation step, it divides again. According to Müller, such a skipping of one division
of the smaller daughter cell occurs in all structures shown in Figure 1b. This implies
asymmetry in the division behavior. Such behavior is referred to below as the M-model.
Based on the illustration in [13], Figure 3 shows the first three subsequent generations of

the development of a diatom chain starting with
f

−
u

−.

The valves of newly formed cells that will not divide in the next step, i.e., are in
an interim state, are indicated by blue valves. The gray shapes between the generations
visualize the mapping of mother cells to daughter cells. The numbers in these figures are
the size indices of mother (top) and daughter cells (bottom), assuming that development
began with an initial cell. Due to the skipping of divisions, the number of diatoms does not
grow exponentially. This will be discussed in more detail later.

The third generation consists of a set of triplets followed by a set of twins, each with
overlapping girdle bands. When drawing the development for the following generations,
it becomes clear that the entire chain consists of these two groups.

A surprisingly different observation was made by Laney, Olson, and Sosik [14] on
Ditylum brightwellii using time-lapse imaging. They report that the daughter cell that
inherits the hypothecal frustule divides in each generation. However, the division of the
larger daughter cell is delayed in comparison. This model is subsequently denoted as the
L-model. In an idealized approach, in which exactly one division is skipped, the L-model
and the M-model form a pair of opposites regarding division behavior. For further details,
particularly on the temporal behavior of the development, see [13,15].
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Figure 3. Sequence of generations according to the model of O. Müller. It is striking that each
generation is the beginning of the next.

Chronological sequences of patterns, such as those shown in Figures 1c and 3, are
referred to as generations in the literature cited (e.g., [13]), although not all diatoms divide
in the time interval between these snapshots but skip a doubling period. This convenient
counting method will also be used here. However, restrictions and limitations of this
representation should be pointed out.

A description of the processes, as given by O. Müller [9,10], is implicitly based on
the assumption of equal doubling times, whereby the doubling time is understood as
the period between successive vegetative cell divisions. In the case of cells that skip a
division, the double interval is assumed. It is known that doubling times and thus also the
generation time, which is defined as the mean doubling time, depend on environmental
parameters such as light intensity, nutrient concentration or temperature (see, e.g., [16]).
Even under constant environmental conditions, the doubling time is a random variable that
has a natural statistical range of variation and can be described by a density function [17].
In the case of the M-model and L-model, there are therefore two distributions, one for
division without delay and one for division with delay.

The stochastic character of the doubling times leads to a temporal drifting apart of the
divisions in a culture. When starting a clonal culture with a single cell, after many divisions
you will encounter a wide variety of division stages occurring simultaneously. For the
applicability of the given considerations and the visualization of the generations of a chain,
it is essential that the width of the distribution, e.g., measured as the standard deviation, is
small compared to the generation time. The smaller this ratio is, the longer a real colony
as shown in Figure 2 can grow, which corresponds to the theoretical structure resulting
from the stepwise application of the rules in Figure 1b. Observations and quantitative
considerations on the synchronicity of divisions in diatom chains can be found in [18,19].

It should be mentioned that cell divisions of diatoms can be synchronized by varying
environmental parameters periodically. This can be achieved by periodic changes between
phases of high and low light intensity [20–23]. The periodic addition of silicate to colonies
that are kept under silicate deprivation can also be used for synchronization [24,25]. Pro-
vided they can be successfully applied, these methods offer the fundamental possibility of
studying chain-like diatom colonies over many generations.
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A Lindenmayer system (L-system) is a mathematical formalism developed by Aristid
Lindenmayer that is particularly suited to modeling the growth processes of plant develop-
ment [26,27]. It is also a useful tool in the context of these considerations. An L-system is a
triple consisting of:

• Alphabet
• Replacement rules (rewriting rules or productions)
• Initial sequence ω (axiom)

The alphabet is a set of letters. The term “letter” is broadly defined, as a letter that can
also contain indices and thus numbers.

The formalism starts with the initial string ω, a sequence of letters of the alphabet.
The replacement rules are applied to this string. By replacing individual parts (individual
characters, substrings), a new string of letters of the alphabet is obtained. The application
of the replacement rules is continued iteratively so that a sequence of such strings is created.
In the following, a generation of a chain-like diatom colony is simply understood as the
associated string.

Koster and Lindenmeyer successfully used an L-system to describe the positions of
heterocysts in a filamentous colony of the cyanobacterium Anabaena catenula [28]. As a
one-dimensional system is described here, the term “one-dimensional L-system” is used. L-
systems allow the treatment of structures of plants with complex branching, which enables
the generation of computer-generated images of plants [29]. In the context of diatoms, a
one-dimensional L-system can be used to determine the position of connection points in
zig-zag-shaped chains of Diatoma vulgaris [19]. Of importance for the study presented here
is the fact that the size sequence of diatoms in a chain-like colony can be modeled by an
L-system. This approach is described by Ussing et al. [30]. The authors assume that the
Macdonald–Pfitzer rule is applicable and that all cells divide synchronously. The resulting
sequence was analyzed in [18].

It is remarkable that Otto Müller [9] defined an alphabet with the abbreviations
f

−,
u

−,
f
◦ ,

u
◦ and specified substitution rules (Figure 1b). These can be understood not

only at the level of pairs of letters of an alphabet, but also as replacement rules for single
frustules. The only missing extension for a complete description as an L-system is one that
allows the delayed division shown in Figure 1b to be included in the calculation scheme.

The structure of a chain-like colony whose diatoms divide according to the
McDonalds–Pfitzer rule; in particular, the size sequence of the diatoms and the number of
diatoms of a certain size at a given generation obviously depends on the model of division.
In this work, the properties of such chains and the distribution of sizes will be studied for
the presented models. The background to this question is the possibility of investigating
the division behavior of a species under consideration. Direct evidence of delayed division
requires an observation period on the order of several generations. It should be borne in
mind that the question arises in the case of chain-like diatoms, other diatoms living in
colonies and individual diatoms. Motility complicates observation. On the other hand,
easily testable criteria require the fulfillment of certain conditions, in particular sufficient
synchronicity of division processes and the negligibility of death processes within the
examined sample.

2. Mathematical Treatment

2.1. The M-Model as a Lindenmayer System

2.1.1. Alphabet

Whereas Müller bases his alphabet on the frustule as the smallest structure, here a
single diatom is represented by one letter of the alphabet AM in order to achieve a uniform
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representation for all the division models. This letter should have the form Wk
j , where

W ∈ {L, l, R, r}. When the larger valve is on the left, it is labeled L or l; when the larger
valve is on the right, it is labeled R or r. For modeling the delayed division of the smaller
daughter cell, a distinction must be made between cells that can divide immediately and
cells in the interim state. Cells that can divide within a doubling time are labeled with
capital letters (L or R), and cells in the interim state with lower-case letters (l or r). In
addition to the four possibilities for diatoms shown in Figure 1b, their mirror image forms
(large valve on the right) must also be considered. As the size sequence of the diatoms in
chains is to be studied, the size index of their larger frustule is added to each letter as a
superscript number k. Thus, Lk

j should denote a diatom whose left valve is larger than its
right valve, which can divide immediately and has the size index k. The index j is used
to assign a structure to the diatom as shown in Figure 1b. Diatoms in the interim state,
but otherwise with the same characteristics, are named lk

j . The mirror-image diatoms are

correspondingly Rk
j and rk

j . The assignment to the structures can be found in Table 1.

Table 1. Assignment of the letters of the alphabet to the structure according to Müller [9] with
extensions with respect to size index and division behavior.

Structure
Diatoms Immediately

Able to Divide
Diatoms in an Interim

State

f
−

u
− Lk

1 lk
1

f
−

u
◦ Lk

2 lk
2

f
◦

u
− Lk

3 lk
3

f
◦

u
◦ Lk

4 lk
j

u
−

f
− Rk

1 rk
1

u
◦

f
− Rk

2 rk
2

u
−

f
◦ Rk

3 rk
3

u
◦

f
◦ Rk

4 rk
4

Although the size index has a maximum value kmax in nature, this is not relevant for
the following considerations, so the alphabet ASOV is defined by the set

ASOV =
{

Wk
j

∣

∣

∣W ∈ {L, l, R, r}, j ∈ {1, 2, 3, 4}, k ∈ N0

}

(3)

The alphabet takes into account size index (S), orientation (O) and valve structure (V).
By the removal of information like the structure index or size index, simplified alphabets
can be obtained for limited considerations.

2.1.2. Replacement Rules

When forming a generation, each letter of the previous generation is replaced by one
or two letters of the alphabet. Consider the replacement rule of Lk

1 as an example.

Lk
1 → Lk

1rk+1
2 (4)
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Lk
1 has the structure

f

−
u

−. The size and structure of its larger daughter cell is identical

according to Figure 1b so it is described as Lk
1 like the mother cell. The smaller daughter

cell exhibits the structure
u
◦

f

− and has structure index 2 according to Table 1. Its larger

valve is on the right, and it is in the interim state, which is why it is written in a lowercase
letter. Its size index is incremented because it is the smaller daughter cell. It divides with a
delay of one generation and is thus described by rk+1

2 . The following applies

rk
j → Rk

j (5)

The memory is modeled by the intermediate step. All other productions are deter-
mined by an analogous procedure. For the diatoms with the large valve on the right, the
replacement rules can be found by mirroring. All replacement rules are summarized below.

Lk
1 → Lk

1rk+1
2

Lk
2 → Lk

1rk+1
4

Lk
3 → Lk

3rk+1
2

Lk
4 → Lk

3rk+1
4

Rk
1 → lk+1

2 Rk
1

Rk
2 → lk+1

4 Rk
1

Rk
3 → lk+1

2 Rk
3

Rk
4 → lk+1

4 Rk
3

lk
j → Lk

j

rk
j → Rk

j

(6)

As these replacement rules exactly determine the next generation and the neighbor-
hood of a diatom is not included in the rules, this L-system is deterministic and context-free
and is therefore referred to as a D0L-system.

If we start the development with the axiom ω = L0
j and denote the string of the nth

generation by Gn
j,M, this generation sequence results for j = 1:

G0
1, M = ω = L0

1

G1
1,M = L0

1r1
2

G2
1,M = L0

1r1
2R1

2

G3
1,M = (L 0

1r1
2R1

2

)(

l24R1
1

)

G4
1,M = (L 0

1r1
2R1

2

)(

l24R1
1

)(

L2
4l22R1

1

)

G5
1,M = (L 0

1r1
2R1

2

)(

l24R1
1

)(

L2
4l22R1

1

)(

L2
3r3

4

)(

L2
2l22R1

1

)

. . .

(7)

From generation 3 on, groups of twins and groups of triplets are indicated by paren-
theses. If one starts with a size index greater than 0, all size indices in all subsequent
generations must be increased by this starting value according to the substitution rules.

G5
1,M corresponds to Figure 2, which indicates the same starting value. In this gen-

eration, all the diatom structures according to Figure 1b appear for the first time. As the
L-system is context-free, each diatom develops into a structure in the same generation
sequences that would have resulted if it had been chosen as an axiom. For example, from
L2

3 in G5
1,M, a subtree arises in subsequent generations, as it would have formed with the

axiom L2
3. As mentioned, this can also be mapped to the axiom ω = L0

3 by lowering the
size indices by the value 2.
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2.1.3. Introduction of Operators and Alternative Algorithm for Calculating Generations

In the following, an equivalent formulation is chosen for the replacements [18]. The
productions are expressed by an operator P. The substitution rules assign the string P(g) to
the letter g of the alphabet. Parentheses are not required for an operator. They are used
here to indicate the range of the operator. The first substitution rule in (6) can be written as

P(Lk
1) = Lk

1rk+1
2 (8)

Thus, the nth generation of the axiom ω = L0
j is expressed by Gn

j,M= Pn(L0
j ). As the

L-system is not context-sensitive and therefore each character is replaced separately, the
following is valid when applying P to a string G

P(G) = P
(

g1 g2 g3 . . . gj

)

= P(g1) P(g2) P(g3) . . . P
(

gj

)

(9)

Furthermore, operator S is introduced, which mirrors the string including its elements.

S(G) = S
(

g1 g2 g3 . . . gj

)

= S
(

gj

)

S
(

gj−1
)

. . . S(g3)S(g2)S(g1) (10)

To mirror the characters of the alphabet, use the structures defined in Table 1 or the
verbal description. The following applies to all j

S
(

Lk
j

)

= Rk
j

S
(

Rk
j

)

= Lk
j

S
(

rk
j

)

= lk
j

S
(

lk
j

)

= rk
j

(11)

It is easy to convince yourself of the commutativity [18]

SP = PS (12)

If you change the view of a diatom chain from the top view to the bottom view,
you will see the mirrored chain. If you determine the next generation by applying the
replacement rules, you obtain the mirrored next generation. The same result is obtained if
you first determine the next generation and then change the view, i.e., mirror it.

Finally, an operator I is defined which increments the size indices of all diatoms in
a string:

I(G) = I
(

g1 g2 g3 . . . gj

)

= I(g1) I(g2) I(g3) . . . I
(

gj

)

(13)

whereby

I
(

Lk
j

)

= Lk+1
j

I
(

Rk
j

)

= Rk+1
j

I
(

rk
j

)

= rk+1
j

I
(

lk
j

)

= lk+1
j

(14)

As already stated, the boundary k < kmax is not explicitly considered. These commuta-
tor relationships are valid as the operator I only effects the size indices:

IP = PI (15)

IS = SI (16)
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2.1.4. Reformulation of the Algorithm

The operators make it possible to reformulate the algorithm for calculating subsequent
generations.

Theorem 1. For n > 1 and ω = L0
j the following applies:

Gn+1
1,M = Gn

1MIS Gn−1
2,M

Gn+1
2,M = Gn

1,MIS Gn−1
4,M

Gn+1
3,M = Gn

3,MIS Gn−1
2,M

Gn+1
4,M = Gn

3,MIS Gn−1
4,M .

(17)

Proof of Theorem 1. By applying the substitution rules, the context independence and the
commutator relations, we obtain the following for n > 1:

Gn+1
1,M = Pn+1

(

L0
1

)

= Pn
(

P
(

L0
1

))

= Pn
(

L0
1r1

2

)

= Pn
(

L0
1

)

Pn
(

r1
2

)

=

Pn
(

L0
1

)

Pn−1
(

R1
2

)

= Pn
(

L0
1

)

Pn−1
(

IS(L 0
2

))

=

Pn
(

L0
1

)

IS Pn−1
(

L0
2

)

= Gn
1,MIS Gn−1

2,M .

(18)

The Gn+1
j,M for j ̸= 1 are calculated in the same way. □

Each generation can be created by recursion from a previous generation and a second
previous generation, without explicitly applying the replacement rules to each character of
the string. The calculation scheme for calculating Gn+1

j,M for n > 1 consists of concatenating

the stings Gn−1
j′ ,M and IS Gn−1

j′′ ,M according to Equation (18). The generations resulting from

the axiom R0
j are obtained by mirroring.

As Otto Müller [9,10] points out, the lengths of the generations are given by the Fi-bo-
nacci sequence. Defining the Fibonacci sequence by f0 = 0, f1 = 1 and fn+2 = fn+1 + fn

then the number of letters in Gn
j,M equals f n+2 because of the lengths of the first two

generations and Equation (17). Note that the I and S operators do not change the length of
a string.

2.1.5. Restriction to Orientation and Size Index

The division rule, according to which the smaller daughter cell divides with a delay, is
not fundamentally linked to a specific structure with thickenings. This information is now
omitted and only the size indices and orientations of the diatoms are considered. The index
describing the thickenings is thus dropped and the alphabet is reduced to:

ASO =
{

Wk
∣

∣

∣W ∈ {L, l, R, r}, k ∈ N0

}

. (19)

The replacement rules become

Lk → Lkrk+1

Rk → lk+1Rk

lk → Lk

rk → Rk.

(20)

In the generation sequence (7), only the subscripts have to be removed. Instead of the
four equations in (17), we find for n > 1

Gn+1
M = Gn

MIS Gn−1
M . (21)
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A generation is obtained by concatenating the previous generation with the mirrored
and incremented second-last generation. Each generation is the beginning of the next.

It should be remembered that the axiom L0 was used as axiom here. If you want
to obtain the generation sequence for the axiom R0, you just have to mirror Gn

M, because

Pn
(

R0
)

= Pn
(

SL0
)

= SPn
(

L0
)

= SGn
M. If you want to obtain an expression for the

sequence of generations for the axiom R0 analogous to (21), apply the mirror operator to

both sides of this equation. Using the notation Hn
M = Pn

(

R0
)

= SGn
M, you achieve Hn+1

M =

SGn+1
M = S

(

Gn
MIS Gn−1

M

)

= S
(

IS Gn−1
M

)

SGn
M = I

(

S
(

Hn−1
M

))

Hn
M. Each generation is the

end of the next.
A higher size index in the axiom Lk (k > 0) causes a corresponding increase in all

indices, because Pn
(

Lk
)

= Pn
(

Ik L0
)

= IkP
n
(

L0
)

. If you want to start the development
with an interim state, only one additional step, i.e., one generation time is required to
achieve the described generation sequence. In this sense, the alternative description of the
L-system (21) is complete. The same procedure can be followed for the other L-systems in
this work if you want to change the axiom.

The recursive structure in Equation (21) enables a representation in which Gn+1
M only

depends on Gn
M. Using Equation (21), Gn

M = Gn−1
M IS Gn−2

M applies. As Gn−1
M forms the first

part of Gn
M with the length fn+1, this string can also be taken from Gn

M when calculating
Gn+1

M according to (21). This is shown graphically in Figure 4.

Figure 4. Four generations are represented by horizontal blue bars. Each generation is formed by
copying the previous generation followed by the mirrored and incremented second last generation.
This formation is indicated by the gray arrows.

This means that Gn+1
M can be determined from Gn

M alone. This is indicated by the gray
arrow at the bottom of the figure.

As can be seen in generation n + 1, the sequence can also be regarded as consisting of
three strings, with the middle one from generation n − 2 being created by applying IS. The
whole generation n + 1 is mirror symmetric if the size indices are neglected, except for this
middle string. This is mentioned in [13] for the example of the 5th generation shown in
the paper.

2.1.6. Size Indices

According to the alphabet, each generation contains information about size indices and
orientations, including interim states. One can go a step further and focus on orientations
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including the interim states or on size indices. Restricting to size indices, each generation
can be written as an

1 , an
2 , an

3 , . . . an
fn+2

with an
i ∈ N0. The size index an

j is the j-th element in
the generation n. The alphabet is reduced to AS = N0. Expression (21) is still applicable.
The mirror operator only changes the order, but not the values. In terms of size indices, (21)
can be rewritten as

an+1
i =







an
i for i = 1, 2, . . . , fn+2

an−1
fn+3−i+1 + 1 for i = fn+2 + 1, . . . , fn+3

. (22)

According to the note above, for i > f n+2, the values of generation n − 1 contributing
to generation n + 1 can also be taken from generation n.

2.1.7. Sequence of Differences and Fractal Structure

As the absolute assignment of a measured size to a size index is not straightforward,
the difference sequence of the size indices is of particular importance. This is discussed in
more detail below. The difference sequence of a generation Dn

M is defined for n ≥ 1 by a
sequence of integers dn

j

dn
i = an

i+1 − an
i , (23)

where i takes the values 1, 2, . . . , fn+2 − 1. The string Dn
M has the length fn+1 − 1. Using

(22), the yields for n > 2 are

dn+1
i =















dn
i for i = 1, 2, . . . , fn+2 − 1

1 for i = fn+2

−dn−1
fn+3−i for i = fn+2 + 1, . . . , fn+3 − 1

(24)

As can be quickly verified, the difference between the first value of the second sub-
sequence and the last value of the first subsequence is always equal to 1. Again, the
self-similarity of the sequences allows the differences from generation n − 1 that contribute
to generation n + 1 to be taken from generation n for i > f n+2. In compact notation, (24)
can be written as follows for n > 2

Dn+1
M = Dn

M1SDn−1
M , (25)

where the upper bar is meant to indicate the inversion of all signs. The first five genera-
tions read

D1
M = 1

D2
M = 1, 0

D3
M = 1, 0, 1,−1

D4
M = 1, 0, 1,−1, 1, 0,−1

D5
M = 1, 0, 1,−1, 1, 0,−1, 1, 1,−1, 0,−1

(26)

The values 1 for i = fn+2 are shown in bold.
When looking at the difference sequence, it is striking that only the values −1, 0 and 1

occur in it. The proof that this applies to all generations can be achieved by induction (for
the proof technique, please refer to the textbook [31]). D3

M, in which all stated values occur, is
taken as the base case. The induction step uses the fact that the range of values {−1, 0, 1} is
not changed when applying the iteration described in (24) and (25). It should be noted that
for division rules without delayed division (P-model) only the differences −1 and −1 occur,
but not the value 0 [18]. There are no neighboring diatoms of the same size in the P-model.
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The sequences according to Equation (21) cannot become periodic as the generation index
n increases, because the maximum size index increases continuously as a result of incrementing.
Appendix A shows that the sequences of differences do not become periodic either.

It is known that self-similarity and fractal structures are typical for Lindenmayer
systems [24,29]. In a P-model, the sequence of differences can be visualized as a dragon
curve [18]. To do this, a line with a unit length is first drawn in the manner of a turtle
graphic. A rotation is then performed for each element of the sequence, the size of which
depends on the value of the element, and then a step is taken forward by the same unit of
length. The dragon curve is obtained by performing a 90◦ rotation in a clockwise direction
for the value +1 and a 90◦ counterclockwise rotation for the value −1. The following applies
to the generations of size differences Dn

P in the P-model [18],

Dn+1
P = Dn

P1SDn
P. (27)

A curve segment of the same length Dn
P is added to the existing curve Dn

P after rotation
by 90◦ (value 1). There is self-similarity, in particular Dn

P is similar to Dn+1
P . For details on

the dragon curve, please refer to Tabachnikov [32].
In the case of the M-model, there are three different values for size differences. An

appealing visualization of the sequence can be obtained by proceeding similarly to the
dragon curve but choosing an angle of 120◦ and not performing a rotation for the value 0,
i.e., appending just one step of one unit of length in the same direction. The result is shown
in Figure 5.

Figure 5. Visualization of the difference in size indices of the diatoms according to Müller’s model.
20 generations were used for the image. The curve starts at the top left, where the color changes are
close together.

Each sequence Dn
P is assigned a different color. The size of the curves does not double

from generation to generation but follows the Fibonacci sequence. For the next generation,
curve segments of different lengths are combined. Each generation is similar to every other
generation, which can be seen by scaling them to the same size and aligning them in the
same direction.

2.1.8. Orientations

The orientation and the interim states can be described by a simple L-system and
can be computed independently of the size indices. We restrict ourselves to the alphabet
AO = {l, L, r, R}. For example, L can be chosen as the axiom. The substitution rules follow
directly from (20) to give L → Lr; R → lR; l → L; r → R. Equation (21) can still be used,
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only the increment operator is no longer needed, i.e., Jn+1
M = Jn

MS Jn−1
M , where the letter J

has been chosen for the generations of orientations. The mirroring is performed according
to the rules (11), where the size index is irrelevant.

The sequence of orientations is not periodic, which does not immediately result from
what has been said so far. The proof follows the scheme of the proof for the sequence
of differences (Appendix A). The number of occurrences of a letter of the alphabet in
generation n is not given by a Fibonacci number. Therefore, for a generation n, consider the
number un of all lowercase letters (l, r) and the number Un of all uppercase letters (L, R).
The operator S does not replace lowercase letters with uppercase letters, i.e., this number
is invariant when S is applied. From Jn+1

M = Jn
MS Jn−1

M we can see that these numbers
have Fibonacci growth. Taking into account the initial conditions, we obtain un = fn and
Un = fn+1. The ratio un/Un converges to an irrational number for n → ∞ , which would
not be the case if the sequence were periodic.

The sequence as seen in (7) can be visualized by a fractal curve if one chooses a rotation
angle and assigns certain multiples of this angle to the characters of the alphabet. With a
P-model there is an alternating sequence of right and left orientations [18]. Aperiodicity
and a fractal structure therefore do not occur.

2.1.9. Sets of Twins and Sets of Triplets

Sets of twins and sets of triplets are characterized by free thecae at both ends [9,10,13].
This property is retained when mirroring and incrementing are applied. Since structures of
sets of twins and sets of triplets arise from a single cell, every chain that develops according
to O. Müller’s model consists exclusively of a sequence of these two structures. It is not
surprising that this sequence can also be described by an L-system. In contrast to the
systems presented so far, the objects here do not stand for a single diatom, but two or
three diatoms. It can be seen in (7) that a set of twins becomes a set of triplets in the next
generation and then the set of triplets becomes a set of triplets and a set of twins. The order
in which sets of triplets and sets of twins appear depends on the orientation of the set of
twins with which the generation sequence begins. Consequently, orientation must also be
taken into account in the alphabet. We denote a set of twins in the orientation as shown
in (7) for the second generation (structure Lr) with the letter T and its mirror image with
Ts = ST. Correspondingly, a set of triplets as in the third generation (structure LrR) should
be denoted by V and its mirror image by Vs = SV, so that the alphabet is given by

AT = {T, V, Ts, Vs}. (28)

The production rules for the above-specified structures result from L → Lr; R → lR; l → L;
r → R to give

T → V
V → VTs

Ts → Vs

Vs → TVs.

(29)

When starting the development with T, a set of triplets and a set of twins appear after
two iterations, whereby the set of twins has the opposite orientation to the parent. To obtain
the replacement rules for Ts and Vs, it is sufficient to mirror the rules for T and V. If we
restrict ourselves to the axiom V without loss of generality (otherwise mirroring and/or
executing an iteration step) and label the generations Qn

M = Pn(V), we obtain analogous
results to Theorem (21)

Qn+1
M = Pn+1(V) = Pn(P(V)) = Pn(VTs) = Pn(V) Pn(Ts)

= Qn
MPn−1(P(Ts)) = Qn

MPn−1(Vs) = Qn
MPn−1(S(V)) = Qn

MSQn−1
M .
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and thus
Qn+1

M = Qn
MSQn−1

M . (30)

The similarity with the expression for the orientations is due to the fact that the
replacement rule T → V does not increase the number of objects and acts as a delay, even
if the number of diatoms does not remain the same. The first generations are

Q0
M = ω = V

Q1
M = VTs

Q2
M = VTsVs

Q3
M = VTsVsTVs

Q4
M = VTsVsTVsVTVs

Q5
M = VTsVsTVsVTVsVTsVTVs

(31)

Again, there is Fibonacci growth with the length of Qn
M equal to f n+2. The number

of groups of twins grows with fn, the number of groups of triplets with f n+1, whereby the
orientation was not considered, i.e., both orientations were grouped together. The evidence
for non-periodicity presented in Appendix A is therefore transferable, considering the
quotient of the number of groups of twins and groups of triplet groups.

2.1.10. Number of Diatoms of the Same Size

For practical applications, it is important to know how many diatoms with a certain
size index k occur in generation n. In Müller’s model, this number is denoted by CM(n, k).
If the development begins with a cell of maximum size (k = 0), then CM(0, 0) = 1 and
CM(0, k) = 0 for k > 0. In the following generation, there is again a cell of maximum size
and a cell with the following size index, so that CM(1, 0) = 1 and CM(1, 1) = 1. There are
no further cells, thus CM(1, k) = 0 for k > 1. For the subsequent generations with n > 1, a
recursion formula can be derived from (21):

CM(n + 1, k) = CM(n, k) + CM(n − 1, k − 1) (32)

The number of diatoms of size k in the generation n + 1 has a part, which results from
the identical repetition of the previous generation n and a second part, which originates
from the second last generation n − 1. As all size indices are hereby incremented, the sizes
k − 1 contribute to this. It should be noted that there are no size indices smaller than zero
and therefore no contribution to k = 0 from generation n − 1. Therefore CM(n,−1) = 0 is
defined. For k = 0 one can immediately find that CM(n, 0) = 1 for any n.

To find the solution (33), you can iterate (32). For a chosen k as a function of n, a
sequence of figurate numbers arises, which can be expressed by binomial coefficients.

Theorem 2. The solution of Equation (32) for n > 1 is

CM(n, k) =

(

n − k + 1
k

)

(33)

Note that CM(n, k) = 0 for n − k + 1 < k, i.e., for k > ⌊(n + 1)/2⌋.

Proof of Theorem 2. For n = 0 and n = 1, the correspondence with the initial values is
checked by inserting them into the binomial coefficient. Similarly, for k = 0 and any n,
(33) gives the value 1 in accordance with (32). Proof of correctness for k > 0 is obtained by
inserting it into the right-hand side of (32).
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RHS =

(

n − k + 1
k

)

+

(

(n − 1)− (k − 1) + 1
k − 1

)

=

(

n − k + 1
k

)

+

(

n − k + 1
k − 1

)

=

(

n − k + 2
k

)

In the last step, the recurrence relation for binomial coefficients was used. Inserting the
binomial coefficient into the left-hand side immediately results in

LHS =

(

n − k + 2
k

)

.

And therefore LHS = RHS. □

It is worth noting that all binomial coefficients can be found in Pascal’s triangle. When
this is left-justified, all solutions (33) for a chosen n are located on a diagonal. The sum of
all binomial coefficients of a diagonal gives the Fibonacci numbers, as can also be seen from
the recursion (32).

2.2. The L-Model as a Lindenmayer System

2.2.1. Notes on the Model

At first glance, the M-model and L-model look very similar, so you might think that
the results would also be very similar. However, this is only partly the case. The operators
and methods introduced are fully applicable.

In the following, the same basic and partly simplifying assumptions are made, in
particular the existence of synchronous divisions and a division delay of one generation for
certain diatoms.

Valve structures and girdle band structures are not considered so the investigation is
limited to sizes and orientations.

2.2.2. Alphabet and Replacement Rules

Because of the restrictions on size and orientation, the alphabet ASO defined in (19)
can be used. The replacement rules differ from those shown in (20) because the division of
the larger cell is now delayed by one generation:

Lk → lkRk+1

Rk → Lk+1rk

lk → Lk

rk → Rk.

(34)

If the string for the nth generation at the start value L0 is denoted by Gn
L, then the

L-system according to (34) yields this generation sequence:

G0
L = ω = L0

G1
L = l0R1

G2
L = L0L2r1

G3
L = l0R1l2R3R1

G4
L = L0L2r1L2L4r3L2r1

G5
L = l0R1l2R3R1l2R3l4R5R3l2R3R1

. . .

(35)
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Using the presented method, we find

Gn+1
L = Pn+1

(

L0
)

= Pn
(

P
(

L0
))

= Pn
(

l0R1
)

= Pn
(

l0
)

Pn
(

R1
)

= Pn−1
(

L0
)

Pn
(

IS L0
)

= Pn−1
(

L0
)

IS Pn
(

L0
)

= Gn−1
L IS Gn

L

and thus
Gn+1

L = Gn−1
L IS Gn

L. (36)

The concatenation of the last generation with the second last generation results in a
subsequent generation with the sum of the lengths and thus a Fibonacci growth. As in the
case of the M-model, the length of Gn

L is equal to f n+2. In contrast to Gn
M and Gn

P, however,
no sequence is created in which the previous one is repeated, neither at the beginning nor
at the end, so that the question of periodicity does not arise. The formation of a generation
is shown in Figure 6.

Figure 6. To obtain a well-structured graphic, the bars representing generations have been right
aligned. No part of a previous generation is copied unchanged. This results in a sequence that is not
continuously extended.

As in Figure 4, a decomposition into three strings can be given.

2.2.3. Size Indices

If we restrict ourselves again to the size indices an
1 , an

2 , an
3 , . . . an

fn+2
with an

i ∈ N0, it
follows from (36):

an+1
i =







an−1
i f or i = 1, 2, . . . , fn+1

an
fn+3−i+1 + 1 f or i = fn+1 + 1, . . . , fn+3

. (37)

2.2.4. Sequence of Differences and Fractal Structure

The difference sequence Dn
L of a generation for n > 1 will also be given for this model.

For this purpose, the differences dn
i = an

i+1 − an
i with i = 1, 2, . . . , fn+2 are formed using

(37). For n > 2 you obtain

dn+1
i =











dn−1
i f or i = 1, 2, . . . , fn+1 − 1
1 f or i = fn+1.

−dn
fn+3−i+1 f or i = fn+1 + 1, . . . , fn+3 − 1

(38)
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The compact version with the notation used in (25), is as follows

Dn+1
L = Dn−1

L 1 SDn
L. (39)

The first five sequences are

D1
L = 1

D2
L = 2,−1

D3
L = 1, 1, 1,−2

D4
L = 2,−1, 1, 2,−1,−1,−1

D5
L = 1, 1, 1,−2, 1, 1, 1, 1,−2,−1, 1,−2

(40)

The values 1 for i = fn+1 are shown in bold. The range of values that differences can
take on is larger than in the M-model and contains the values −2, −1, 1, 2. The proof is
again by induction. Compared to the representation of the sequence of differences in the
M-model, a different choice of angle proves to be favorable. In Figure 7, an angle of rotation
of 60 degrees was chosen. With an absolute value of 2, two rotations are performed, i.e.,
one rotation of 120 degrees. Apart from that, the illustrations correspond.

Figure 7. Visualization of the difference in size indices of the diatoms according to the L-model.
20 generations were used for the image. The curve starts at the top left, where the color changes are
close together.

Fractal structure and self-similarity are evident.

2.2.5. Orientations

If we consider only the orientations, i.e., restrict ourselves to the alphabet AO = {l, L, r, R},
the reduced substitution rules by L → lR; R → Lr; l → L; r → R, using the same axiom
as for the M-model, lead to a non-periodic sequence Jn

L . In recursive notation, this sequence
is given by Jn+1

L = Jn−1
L S Jn

L . The first sequences are obtained from (35) by omitting the
size indices.

2.2.6. Number of Diatoms of the Same Size

The number of diatoms of a given size index k in generation n is also to be determined
for the L-model. This is denoted by CL(n, k). The initial conditions for the calculation are
identical to those for the M-model, i.e., CL(0, 0) = 1, CL(1, 0) = 1 and CL(1, 1) = 1. All
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other values in generations 0 and 1 are zero. The recursion for CL(n, k) for n > 1 is derived
from Equation (36) and gives

CL(n + 1, k) = CL(n − 1, k) + CL(n, k − 1). (41)

The diatoms of the same size from generation n − 1, as well as the diatoms of size
index k − 1 from generation n, contribute to the size index k in generation n + 1, since the
latter are incremented according to (36). As there are no size indices smaller than zero, we
again define CL(n,−1) = 0.

To understand Equation (41) it is helpful to imagine a 2-dimensional array with square
cells and axes for n and k. As with a chessboard, color all cells black where n + k is even
and all cells white where n + k is odd. The cells can now be assigned according to the initial
conditions and Equation (41). It follows from the recursion that only values from black
cells contribute to a black array and only values from white cells contribute to a white array.
The system consists of two distinct subsystems. In particular, this means that only the
initial conditions from the same subsystem are included in the calculation of the values of a
subsystem. In the recursion of the M-model (35), however, each value with n > 1 depends
on all initial conditions. These subsystems lead to a case distinction. To derive the solution
to (41), consider the black and white marked fields separately. To restrict yourself to the
black fields (n + k even), you can introduce new variables p and q by setting n = p + q and
k = p − q. For the white fields (n + k odd), choose n = p + q + 1 and k = p − q. After some
transformations, you will find the solution (42).

Theorem 3. The solution of Equation (41) for n > 1 reads:

CL(n, k) =



































[n + k]/2

k



 f or n + k even





[n + k − 1]/2

k



 f or n + k odd.

(42)

Proof of Theorem 3. The proof is achieved by checking the conditions for the first two
generations and inserting them into (41). Let us write (41) in the equivalent form CL(n, k) =

CL(n − 2, k) + CL(n − 1, k − 1) and consider a cell with n + k even. If we insert (42) into
the right-hand side, we obtain

RHS =

(

[n − 2 + k]/2
k

)

+

(

[n − 1 + k − 1]/2
k − 1

)

=

(

[n + k]/2 − 1
k

)

+

(

[n + k]/2 − 1
k − 1

)

=

(

[n + k]/2
k

)

This is identical to the left-hand side for n + k even. In the case of with n + k odd, the
right-hand side gives

RHS =

(

[n − 2 + k − 1]/2
k

)

+

(

[n − 1 + k − 1 − 1]/2
k − 1

)

=

(

[n + k − 1]/2 − 1
k

)

+

(

[n + k − 1]/2 − 1
k − 1

)

=

(

[n + k − 1]/2
k

)

Here, too, one can see the correspondence with the left-hand side for n + k odd. □



Phycology 2025, 5, 20 19 of 26

3. Results

3.1. Alternatives to Long-Term Observations

When investigating the population dynamics of a diatom species in particular, the
question of the validity of the McDonalds–Pfitzer rule arises. If this is fulfilled, which we
will assume in the following, a simple division scheme without delay, one of the two models
presented, or another scheme could be possible. An obvious option is to use long-term
observation, which provides immediate information after a few division processes. This
requires a sample that is vital over the observation period. A sufficient supply of nutrients
and adequate light exposure must be ensured.

Long-term observations can also provide information without observing the individual
division processes. The growth of a culture under consistently good conditions, i.e., in
particular without depletion of nutrients and without decreasing exposure to light, can
provide an indication of whether exponential or Fibonacci growth is present after measuring
the size of the population. Ideally, the culture should be started with a single cell. To
measure the population, an automated method using image analysis is recommended.
A counting chamber can also be used for this purpose. Alternatively, biomass can be
determined if samples are large enough. Whether the species forms chains is not important.
As the Fibonacci sequence grows asymptotically exponentially, differentiation becomes
more and more difficult as the number of generations increases. Measurement of the
growth rate does not differentiate between the M-model and the L-model.

Other results already presented offer possibilities for analysis, especially on non-living
samples and preparations. They therefore do not necessarily require cultivation of the
species. The methods are explained below. They mainly refer to chain-shaped colonies.
Synchronicity of cell divisions is only to be expected locally in such a chain, as it is lost
after a few divisions among its descendants. In the tree structure of the divisions, starting
from an initial cell, there are inevitably neighboring cells whose common ancestor dates
back so many generations that synchronicity of their divisions is very unlikely. On the
other hand, there are many sections that are sufficiently synchronous to allow analysis
using the methods described. If we assume that the distribution of doubling times is
so narrow that synchronicity over 5 generations is almost always given [18], a chain of
at least 25 = 32 diatoms is created in the P-model, which is likely to be consistent with
theory. In one of the models with Fibonacci growth, there are only f7 = 13 diatoms.
Regardless of whether size differences, orientations or sets of twins and sets of triplet
structures are examined, a loss of synchronicity must be expected for shorter chains. The
shorter the range of a match with a theoretical sequence, the more likely it is that it is a
random coincidence and the less informative it is. On the other hand, it can be seen that
the sequences for the different models do not have longer matching sections, so that in the
case of synchronous sections a short sequence of recorded properties is sufficient for an
unambiguous assignment.

If the synchronicity is not preserved across the entire recorded chain, it is not easy to
identify where the synchronous subsections are located. Calculating the cross-correlation
between the recorded and theoretical sequences allows us to find the closest match in
such cases. In the case of sequences of alphanumeric characters, these are first replaced by
numbers for the purpose of calculation. When this is performed for different models, it
provides a measure of how well the test sequence matches the theory. In addition, matching
sections can be identified. If no such sections are found, the synchronicity may persist for
only a few cell divisions. Alternatively, neither model may be correct.
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3.2. Testing the Applicability of the Müller Model

A detailed description including the girdle band structure in chain-shaped colonies was
only given for the Müller model. Whether this correctly describes the situation in a sample
can be checked by placing an existing fragment of a chain in a defined horizontal position and
expressing the visible structure as a string using the alphabet ASOV (3). If we restrict ourselves
to the four types of the alphabet and their mirror images, i.e., ignoring the sizes, we obtain a
sequence of orientations and thickenings. As it is not known at which point in the generation
sequence the observed string occurs for the first time, it must be compared to the theoretical
sequence according to (18) for a sufficient length. If there is no match, one must also search for
the mirrored string in the theoretical sequence, as the chain has an orientation that is caused
by the orientation of the initial sequence. Only a match is relevant, as there can be various
reasons why no match is found. The model may be inappropriate, the recording may be
incorrect or there may be a loss of synchronization. This statement applies analogously to all
comparisons of recorded sequences with theoretical sequences.

The grouping of a chain into sets of twins and sets of triplets is based on the girdle
band structure. It is easy to recognize visually. The procedure is analogous; the comparison
is based on the alphabet and development as described in Section 2.1.9.

3.3. Analysis of Sizes and Size Differences

There is not necessarily a strict relationship between delayed cell division and the
occurrence of thickenings, and the girdle band structure as described by Müller. To differ-
entiate the division models without delay with delay, where the smaller or larger daughter
cell can divide with delay, it is useful to examine the size sequence. However, it is difficult
to assign a size index to measure absolute sizes. The reasons are as follows:

• There is natural variation in size even within the initial cell. This means that at best it
is possible to give an interval for the size index in which the measured diatom is likely
to fall.

• The decrease in the mean size per generation is a non-linear function of time. Size,
plotted against the size index, decreases most rapidly in large diatoms [33,34]). This
makes classification difficult.

• As these data are not systematically collected, they would need to be collected as a
first step.

Although it turns out that incorrectly assigned size indices shifted by a fixed number
also produce sequences that exist in the theoretical size sequence, an alternative is to
examine differences between sizes and size indices. In this case, no uncertain large numbers
appear in the sequences, but only the small differences. Even with this approach, differences
in size must be assigned to differences in size indices.

As mentioned above, in the P-model the size indices between neighboring diatoms
differ by only ±1 [18]. The frequencies of the length differences are then present in two
peaks, with the scatter increasing with sample size due to the non-linear dependence of
the size on the size index. To avoid errors due to loss of synchronization, it is important
to ensure that the division stages are close together. The value range for the M-model
additionally contains zero and, in the L-model the values +2 and −2 are included. This
makes it possible to distinguish between the three models presented without analyzing
the sequence, but it does not allow us to say whether another model describes the colony
better. The advantage of the method lies in the simplicity of its procedure. As can be seen
from the chains (26) and (40), all possible values occur even in short chains.

If a longer fragment of a chain-like colony with similar division stages is available, a
comparison with the difference sequences according to (25), (27) and (39) is recommended.
The significance of a match with one of these sequences increases with the length of the



Phycology 2025, 5, 20 21 of 26

matching sequence. Once a fragment is analyzed and a different value of the size indices is
assigned to the size differences in neighboring diatoms, we look for this pattern or its mirror
image in the calculated sequences. This sequence is similar to a part of a fingerprint being
assigned to a location in a complete image. Since the difference sequence is self-similar, this
assignment is not unique. If a sequence appears for the first time in a particular generation,
it will also appear in subsequent generations due to the structure of the recursions. In all
recursions, the number of fingerprint matches increases with the generation number, as a
particular pattern is repeatedly appended and mirrored.

The feasibility of the method was demonstrated on Eunotia sp., probably Eunotia

glacialis Meister 1912 in [18]. In this species, the length differences for adjacent size indices
are around 1 µm and are therefore easy to measure. A colony of 25 diatoms was analyzed
and found to be consistent with the P-model theory.

3.4. Analysis of the Orientations

As shown, the sequences of sizes and orientations can be considered separately. It is
useful to use the orientations of a clonal diatom chain as a fingerprint. The advantage of
this is that it is not necessary to measure lengths quantitatively, but only to identify and
record which diatoms have the larger valve on the left (l and L) or right (r and R). Since it
must be assumed that it is not possible to distinguish visually between l and L or r and R,
these characters are treated as identical when comparing the sample and the theoretical
sequence. In a P-model, only the letters L and R exist anyway. It has been mentioned that
they have alternating orientations.

3.5. Analysis of the Size Distribution

Measuring the lengths of many diatoms and classifying them in a histogram with
subsequent comparison with theory takes a special place among the possibilities presented:

• One is not dependent on longer chain-like colonies but can also analyze short chains
of a few diatom species, as well as diatoms that separate immediately after division.

• With an increasing number of diatoms, i.e., with a high generation index n in the
sample analyzed, synchronism becomes less and less important. The reason for this
is that the curves for the functions CP(n, k), CM(n, k) and CL(n, k) are similar as a
function of k for closely spaced n (see below).

However, there are limitations and challenges:

• A culture started with a single diatom should be used as the basis, otherwise there
will be a superposition of several distributions for the respective starting size.

• The theory gives the number of diatoms for a size index, not the size. The comparison
of the measurement to the theory therefore requires the assignment of the size to the
size index.

To compare the curve shapes, you do not need an exact assignment to a size index,
as would be necessary for the comparison with the size sequence of chains, but a function
as shown in [33,34] should be available to equalize the diagrams. If we consider the size
indices at a given generation in a model without delay, then the theoretical frequency is
given by (2). The binomial coefficients at a generation n, i.e., at a chosen measurement time,
are symmetrical with respect to k. Apart from the fact that the size index 0 corresponds to
the maximum size, this is not equivalent to a histogram of sizes due to the non-linearity
mentioned above. However, symmetry is an important distinguishing criterion for the
division models. To illustrate the characteristics of the distributions, the number of diatoms
in the M-model and L-model are shown in Figure 8a for n = 20 over k. The two models
have the same number of diatoms in each generation so that they can be visualized at the
same scale.
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Figure 8. The number of diatoms with size index k is shown for the models discussed. The number is
generally denoted as C(n, k). (a) Number of diatoms at n = 20 for the M-model and for the L-model.
(b) Decadic logarithm for n = 20 and values k > 1 for all three models. (c) Number of diatoms for
n = 50 in the M-model and L-model. (d) Decadic logarithm for n = 50 and values k ≥ 1 for all
three models.

In order to visualize the P-model together with the other models, one could limit
oneself to normed values. To emphasize the quantitative difference in the entire population,
a logarithmic representation was chosen in Figure 8b for values k > 0 and all three models.
The uneven heights in the L-model are characteristic, although they are less noticeable in the
logarithmic representation. These discontinuities remain characteristic in later generations.
Figure 8c corresponds to Figure 8a but has been calculated for n = 50. Although the
maxima for n = 50. are about 6 orders of magnitude higher than those for n = 20, the
similarity of the bar charts is striking. The corresponding logarithmic representation is
shown on the right in Figure 8d.

The position of the maximum in the M-model is clearly shifted towards smaller size
indices compared to the other models. However, the delayed formation of the larger
daughter cell in the L-model does not lead to a corresponding shift towards larger indices.
The maxima of the curves are at slightly lower k values in the L-model compared to
the P-model.

3.6. Maximum Size Index

As explained at the beginning, no limitation of the size index has been introduced.
However, there is a minimum or maximum size index kmax at which cell enlargement
becomes necessary. Whether this occurs through sexual reproduction, as is usually the case,
or through vegetative reproduction depends on the species. A certain natural range of
variation is presumably also given here, so that kmax is not necessarily a well-defined value.
In the context of size distributions, it should merely be noted that a certain size index kmax

is reached much earlier with the P-model compared to the M-model. The division behavior
not only reduces the reproduction rate but also leads to a higher proportion of diatoms
having a large valve size after the same period of development, i.e., the same number of
generations. Species that divide according to the M-model significantly delay the onset of
cell enlargement. As already discussed with reference to Figure 8, an analogous statement
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does not apply to the L-model, because the courses of the L-model and P-model are only
slightly shifted with respect to each other.

4. Discussion

In view of the restriction of this mathematical modeling to the division process, the
question arises as to the limitations and significance of the results presented here. Models
for the development of diatoms, including their size, can have different objectives. Models
that are intended to describe the dynamics of the population over a longer period of time
must include death processes as well as regularly occurring cell enlargement [13,15,34].

As the focus here is on the possibility of differentiating between the division models,
only the growth phase starting from a single diatom is considered. The applicability is
limited by the period of Fibonacci growth or, in the case of the P-model, exponential growth.
This implicitly means a negligible mortality rate. This statement applies to the study of a
fragment of a chain colony as well as to the size distribution of an entire culture.

Most of the concepts presented require a clonal chain-like colony. The need for a
sufficient number of synchronous divisions in such samples was pointed out. Looking at
the size distribution of a culture that has grown from a single diatom does not have these
difficulties, because the characteristics of the distributions are almost independent of the
generation. Loss of synchronicity means that the number of generations passed through is
not identical but does not change the basic forms of the curves.

If it is not possible to assign a sample to any of the models considered, this may be due
to the limitations of the method or its applicability to the sample (e.g., loss of synchronicity),
but it could also indicate other possibilities that occur in nature. There is probably no
principle that would prevent more than one generation from being skipped during cell
division, or the larger and smaller daughter cells from dividing alternately with a delay.
Delays of fractions of a generation time or random processes cannot be ruled out either.
For the investigation of so far unknown division rules, direct observation of the processes
is the method of choice.

If you want to describe the development of the system based on the division behavior
of the models, taking into account the deviations from a fixed doubling time, you can
add a timestamp to each letter of the alphabet to indicate when the last division occurred.
The time intervals between successive divisions are represented by a probability density
function. A real system can be visualized as a tree, with division times plotted along a
time axis. Such trees can be generated by a Monte Carlo simulation. After a division has
taken place, the time of the next division is determined for each daughter cell using the
probability density function. The division rules are taken into account according to the
model under consideration. The generation index is also increasing when intermediate
states are reached. The generation indices of the existing diatoms are therefore known for
a specific point in time. Adjacent diatoms with the same generation index belong to one
of the sequences derived here, regardless of which property is considered. The lengths
of syn-chronons segments and their size distribution can be determined. From a large
number of such randomly generated trees, statistical information about the lengths of
synchronous segments can be obtained. The frequencies of lengths of synchronous sections
as a function of the variance of the density function of the doubling times can be considered
as a sensitivity analysis. Such simulations of non-synchronous systems are outside the
scope of the considerations presented here.

The complexity of the systems studied, in particular the fractal structures, represent
emergent properties resulting from the elementary rules of L-systems. They demonstrate
the role of fractal structures in nature. However, in the context of the study of occurring
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patterns, they are less important than locally testable properties, such as the range of values
of differences in size indices or shorter sequences of orientations.
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Abbreviations

The following abbreviations are used in this manuscript:

P-model Cell Division model without delayed divisions

M-model Cell division model in which the smaller daughter cell divides with a delay.

L-model Cell division model in which the larger daughter cell divides with a delay.

L-system Lindenmayer system

LHS Left Hand Side

RHS Right Hand Side

Appendix A

Let Dn
M be considered for n → ∞ . As each sequence always forms the beginning of

the following one, an infinite sequence DM is created.

Theorem A1. The sequence DM is not periodic. This means that it does not have the

form DM = DaDpDpDpDp . . . with a possibly empty aperiodic string at the beginning, followed

by identical strings Dp.

Proof of Theorem A1. Assumption: DM is periodic.

Consider the number of objects with the values 0 and 1 in the sequence DM.
In Da let there be e0 objects with the value 0 and e1 objects with the value 1.
In Dp let there be c0 objects with the value 0 and c1 objects with the value 1.

A string DaDpDpDpDp . . . Dp, which consists of Da and j following strings Dp, has,
according to these definitions, e0 + jc0 objects of type 0 and e1 + jc1 objects of type 1. The
limit of the ratio of these values is

lim
j→∞

e1 + jc1

e0 + jc0
=

c1

c0
∈ Q, (A1)

i.e., a rational number.
Now we want to derive the ratio of objects 0 and 1 in Dn

M using Equation (25). Let the
number of objects in Dn

M with the value −1 be zn
−1, the number of objects with the value 0

be zn
0 and the number of objects with the value 1 be zn

1 . From (25) follows for n > 2 with
these definitions:

zn+1
1 = zn

1 + zn−1
−1 + 1 (A2)

zn+1
−1 = zn

−1 + zn−1
1 (A3)

zn+1
0 = zn

0 + zn−1
0 . (A4)

The first summand on the right-hand side comes from Dn
M, the second from Dn−1

M .
For object 1, the inserted value according to (25) must be considered in (A2). Together
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with initial values for n ≤ 2, which result from the axiom, (A2)–(A4) represent explicit
calculation rules. It follows directly from (A4), taking the initial values into account

zn
0 = fn−1. (A5)

By checking the initial values and inserting them into (A2), (A3), you can prove the
correctness of the following solutions:

zn
1 = fn, (A6)

zn
−1 = fn − 1. (A7)

The limit for the proportion of values 1 to the proportion of values 0 is therefore

lim
n→∞

zn
1

zn
0
= lim

n→∞

fn

fn−1
=

1 +
√

5
2

∈ I. (A8)

The ratio converges to an irrational number, in contradiction to (A1). The periodicity
assumption is therefore disproved. □
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